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A Real-World Problem, State-of-the-Art and Overview

Real World Problem
Tracking and categorizing the space debris, with known and unknown origin, generated
after a catastrophic event.

| Ingredients |
| Space Debris Dynamy Hamiltonian Systems | | Perturbation Theory |
| Break-up Simulator | Statistics and ML

Tudor Vartolomei Proper Elements for Space Debris and Applications 4 /34



A Real-World Problem, State-of-the-Art and Overview

Space Debris Dynamics Space Debris Statistics

Space Debris:

@ Artificial or non-operational objects in orbit around the
@ Force model: Earth, Moon, Earth
[ iati .
sun, Solar radiation © = 1 000 000 objects larger than 1 cm
pressure

o Initial conditions: © = 130 million objects larger than 1 mm

observations Catastrophic events:
Problems: © Generated by break-up events:
Explosion or Collision
@ Approximate the real
trajectories e More than 500 Conﬂl’med
breakups since 1961
@ Errors from the observations Credits: NASA

© Each time an object breaks up,
a debris cloud is formed

@ Millions of objects
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A Real-World Problem, State-of-the-Art and Overview

Set of elements:

@ Cartesian coordinates
@ Orbital elements

o Osculating elements
o Mean elements
o Proper elements

Perigee

. Equmaux
© Delaunay variables
@ Poincaré variables

Credits: www.gsc-europa.eu

Dynamical system:

@ Newtonian approach

@ Lagrangian approach

@ Hamiltonian approach
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A Real-World Problem, State-of-the-Art and Overview
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The evolution of the distribution of mean elements (upper plots) and proper elements (lower plots) over 180
years, at every 60 years in the 3-D coordinates a - e - 7.
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A Model of Space Debris Dynamics

Reference systems:

@ Earth Centered Inertial Frame (ECIF)

Origin = center of the Earth

Does not rotate with the Earth

@ X-axis = points to the vernal equinox
direction

@ Z-axis = points to the North Pole direction

@ J2000 system

e ECIF

@ X-axis = aligned with the mean equinox
(J2000.0, which is January 1, 2000 at
12:00)

@ Synodic frame

@ Initial J2000
@ Rotating reference frame (by the angle 6
around the axis of the Earth's rotation)

Tudor Vartolomei

North Pole

[ Quantity | Standard Units [ Proper Units |
7
1 second 1s 56164 0905 Pt
Tsp 86164.0905 s 27 pt
Ry ~ 6371 km ~ 0.1511 pd
ag ~ 149597870.691 km ~ 3547.99 pd
ant ~ 384400 km ~ 9.1167 pd
km3
wE 398600.442 km” 1 pu
3
ns 132712440018 kiz 333060.4016 pu
3
Y, 4904.8695 £m— 0.0123 pu
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A dynamical model of space debris

H =HEarth — RMoon — Rsun + HsrP

- the Geopotential part (Kaula 1962)

7'[Earth = - Z Z RE Zanp Z anq Snmpq(M w, Q 9)

n=2m=0 q=—o00

- the Moon perturbation (Kaula, 1966; Lane, 1989)

emes (I —s)! a \! .
YT 5 5 5D 5 DI DD SRS IIEL LR sy (L R

1>2m=0p=0s=0¢g=0j=—o00 r=—o00 am

Fiaq(ing)Hipj (€)Gigr (ear){(—=1) "™ =D U™ 7% cos(drmpj + @agr — ysT) +
(=DM DU cos(Grmps — Bagr — YsT)}
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A dynamical model of space debris

- the Sun perturbation (Kaula, 1962)

l l l oo 1 1 — |
Rsun =Gmg» > > > > afg%ﬁFlmp(i)Flmh(iS)Hlpq(e)Glhj(eS) cos(Pimphqs)

1>2m=0p=0h=0gq,j=—oc0 ¢

- the Solar Radiation Pressure effect (Hughes, 1977)

1 l 1 oo oo al _ &)
HsrP = CrPréa?g Z Z Z Z Z Z ﬁfsZT;:Flsp(i)Flsh(iS)Hlpq(e)Glhj (es)
- aS S):

cos(Prsphqj) -

3

where C)., P, are, respectively, the reflectivity coefficient and the radiation pressure for an object located at
ag = 1AU, while % denotes the area-to-mass ratio.
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A Model of Space Debris Dynamics

Hamiltonian models:

Non-averaged model:

Hyuii(oe,0epr,0eg,0) = Hiep(oe) + Hi(oe,0) + Hys(oe,0ep) + Hs(oe,0es) + Hsrp(oe, o0es),

where oe = (a, e,i, M,w,Q), and subscripts S, M stand for Sun, and Moon respectively.

Doubly averaged model:

H(e,i,in,a5,w,Q, U, Mg;a) = Hy,(ei5a) +Hys(e i, w;sa) + Harle, i,in,w, 2, Q5 a)
+ Hslei,w,Qa) + Hgrp(e, i,as,w,Q, Mg;a)
Resonant model:
7'tr‘esj:l (ev iy TN, as,w, Q7 Q]\47 Mg, 9; a) HKep(a) + HJ2 (87 i; a) + HJg (6, iv w; a) + H'resj:l(av €, iv M7 w, Qv 9)
Hasle,dyinr,w, Q2 Qs a) + Hs(e, i, w, Q5 a)
Hsrp(e i,as,w,Q, Ms;a)

+ +

Tudor Vartolomei
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A Model of Space Debris Dynamics

Semi-major axis Eceentricity Inclination

| —— Cartesian —_

~—— Double-averaged Hamiltonian integration ]

Comparison between the numerical integration of Cartesian equations of motion (green line), Hamilton's

equations of the full Hamiltonian (blue line), Hamilton’s equations of the doubly averaged Hamiltonian (red
line).
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Perturbation theory - normal forms - theorem

Let (I,4p) € B x T™ be the action-angles variables, where B C R™ is an open set and n denotes the number of
degrees of freedom, for a Hamiltonian function H = H(I, ) defined by

H(I,p) =Ho(I) +eHi(L, ),

where Ho(I) represents the integrable part, € is a small parameter and H1(I, ) is a small perturbation, which
is an analytic function on B x T™ that can be written as:

Hi(I, ) = > b(I) exp(ik - ).
kel

If the frequency vector v satisfies the non-resonance condition, |v(Ip) - k| > 0,Vk € K, andVIy € B, then there
exists a canonical transformation (I,y) — (I', ') such that the Hamiltonian in the new variables becomes

H(I',¢') = Ho(I') +*Hy (I, o).
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Perturbation Theory with Lie Series - Normal Form

Doubly averaged model:

H(eai7iM7aS7waﬂagM7MS;a‘> - HJ2(€,7:;G/) +HJ3(€,i,w;G)+HM(€,i,i]V[,w,Q,QM;C
+ Hs(e,i,w,Qa) +Hsrple, i as,w,Q, Mg;a)

Delaunay variables:

=M L=.\/uga
g=uw G = +vuga(l —e?)
h=Q H = +/uga(l — e?) cos(i)

Double-averaged Hamiltonian (Delaunay variables):

H(gah7h1\/falS7G7H7HM7LS;L) = HJQ(G7H7L)+H7L]3(97G7HaL)+His(g7haG7H7L)
+ HM(gvh;hMaGaHaHM;L)+HSRP(g;h7Z57G7H7LS;L)
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Perturbation theory - normal forms - iterative procedure

’ ’ _ aX ’
1(8),¢' (1) = 521y ',

Split the remainder Compute the ’ ’ oA ’
Ro(I,p) = generating function ('), ' (1) = Sx(l) ®
Expand around h(I) + ho(I, ¥) {hoI,¢),x} =0 f(I(/)x‘Pé)x(]) = Io,

fixed value Go, Ho / 95(1(/)7 *Plov 0) = o

(PvaQ;IvRS)v Generating fyattions
¢ =(paam.rs) Repeat Compute the new

and split into I-]lvamiltonian Back-trhnsform
Zo(I)+ Ro(I, ) HN(I, ") =

1 N—-1 _
SyH =
zMN) (1’ +
N
R )(1/1 ») Compute proper
eccentricity and proper
inclination
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Proper Elements - overview and example

@ Quasi-integrals of motion - nearly constant in @ Identification of the spatial objects families
time (asteroids, space debris)
@ Kind of average signature of motion @ The age and the origin of a space object

0,095,

Mean eccenticity

0080}
[ Analytic solution eccentrici

—— Proper eccentricity

0080}

The evolution, over 200 years, of the mean eccentricity
(purple lines), the analytic solution (green line) and the

proper eccentricity (blue lines). Mean elements (brown) and the proper elements

(green) in Poincare variables for (e cos(w), esin(w)).

Initial conditions: {a, e, i, M,w, 2, A/m}={11319.30 km, 0.08,19.84°, 196.00°, 243.85°, 63.15°,0.34 m?2 /kg}.
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Proper elements - higher-altitudes regions

The evolution, over 200 years, of the
mean elements (purple line), the
proper elements (blue line) and the
analytic solution (green line) of
eccentricity (left) and inclination
(right) with the initial conditions:
First line -

{22493.3 km,0.19,19.64°, 54.44°,
302.44°,241.34°,0.06 m? /kg},
second line -

{28138.5 km, 0.16,12.69°, 142.25°,
352.71°,98.95°,0.22m?2/kg},
third line -

{35611.2 km, 0.29,29.73°, 259.99°,
63.35°,194.42°,0.28 m? /kg},
fourth line -

{42683.0 km, 0.07,18.87°,277.13°,
219.69°,245.11°,0.13m? /kg}.
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Proper elements - nearby orbits

Mean inclination 3
Mean inclination 1

Proper eccentricty 3

Proper inciinafion 3
Froper inaton s Mean eccentrcity Object 3

Mean eccentriciy Object 2
Proper nclination 2 Proper eccenticiy 2
Mean eccenticity Object 1

Proper eccentriciy 1

Mean inclination 2

v 50 Voo 150 200

The evolution, over 200 years, of the mean elements (Brown colors) and the proper elements (Orange, Red,
Green colors) of eccentricity (left) and inclination (right) for 3 different objects with the initial conditions:
{a,e,i, M,w,Q, A/m}={29130 km,0.107,35.94°,62.36°, 44.14°,212.17°,0.67 m? /kg}

{a,e,i, M,w,Q, A/m}={29074.3 km, 0.101, 35.32°, 359.38°, 241.68°, 106.95°, 1.13 m2 /kg}

{a,e,i, M,w,Q, A/m}={29130.9 km,0.107, 35.80°,4.402°,20.41°,198.09°, 1.47 m? /kg}.
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SIMPRO - Space Debris SIMulator and PROpagator

Break—up Simulator and Orbit Propagator

SIMPRO* - Simulator and propagator of space debris

: :\ Simulator - generate fragments after a collisions/explosions on the basis of the break-up model Evolve 4.0
£ {  provided by NASA:

Input:
w4 @ Mass / characteristic length of the generated Output:
Yz fragment @ Size of each generated fragment

@ Mass & type of the parent object @ Area-to-mass of each fragment

@ Mass of the small object @ Ejection velocity of each generated fragment
@ Impact velocity

*Joint work M. Apetrii, A. Celletti, C. Efthymiopoulos, C. Gales, T. Vartolomei

STARDUST




SIMPRO - Space Debris SIMulator and PROpagator

Break—up Simulator and Orbit Propagator

S
e
e

NN

| SIMPRO* - Simulator and propagator of spéce debris

(*]
(*]
o
(*]
(*]
(*]
o

Explosioi Collision

Characteristics of objects (mass, type, velocity)

Output 1: a vs e, a vs i, and e vs i plots fragments generated
Output 2: Statistics of the break-up

Output 3: 3D visualization of the fragments (and evolution)
Output 4: Distribution of orbital elements w.r.t. the size

Output 5: Fragments generated (state vector and orbital elements)

STARDUST

o

Input: mean elments / TLE
Select the model (J2, J3, Moon, Sun, SRP, Drag effect)

Choose the equations of motions (Hamiltonian / Cartesian /
SGP4 / comparisons)

Set the parameters (period[years/days] and step[hours/minutes]
Integration method: Runge-Kutta / Adams-Bashfort-Multon

Output: Evolution of orbital elements




SIMPRO - Space Debris SIMulator and PROpagator

Equatior

e o A
Semi-major axis evolution

Equati 21603.0

Eccentricity Inclination

Two Line Elements 26025

seut-uajor axs [kl ERag) 21602.0

216015

01
INCLINATION [1] 216005

SIMPRO* - Simulator and propagator of space debris

PERIOD [DAYS]: 31

STEP [sECONDS]: 10

Explosion / Collision

Characteristics of objects (mass, type, velocity)

Output 1: a vs e, a vs i, and e vs i plots fragments generated
Output 2: Statistics of the break-up

Output 3: 3D visualization of the fragments (and evolution)
Output 4: Distribution of orbital elements w.r.t. the size

Output 5: Fragments generated (state vector and orbital elements)

Input: mean elments / TLE
Select the model (J2, J3, Moon, Sun, SRP, Drag effect)

Choose the equations of motions (Hamiltonian / Cartesian /
SGP4 / comparisons)

Set the parameters (period[years/days] and step[hours/minutes]
Integration method: Runge-Kutta / Adams-Bashfort-Multon

Output: Evolution of orbital elements

B VR : T

TTA @ ADAMS-BASHFORT-MULTON

\

~—

600 800 1,000 1,200 1,400
days[j2000]

600 800 1,000 1,200 1,400 o 200 600 800 1,000 1,200 1,400

days[)2000] days[j2000]




Simulations and results - single break-up event

Mean Elements (TLE)| Two Line Elements

The evolution of group of
the fragments over 2 days,
at at every 12 hours in the
3-D Cartesian coordinates
A for the fragments generated
: by a collision between a
L m=. M.Jl spacecraft
({a,e,4, M,w,Q} =
{34300 km, 0.1, 15°, 55°,
34°,26°}) of 1000 kg and a
- projectile of 6 kg at a

e velocity of 5500 m/s.

ex:24 Wparens sody sl oro
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Simulations and results - single break-up event

03 03
02°
B .
¥ entrici an e
10 Mean inclination 10 Mean inclination 110 Mean inclination 110 Mean inclination
5 _ is _ s 5
35000 35000 o ] 35000 N - 35000 |
30000 30000 30000 30000
major axis fean semi-major axis sjor axis Mean semi-major axis

——_] 35000
30000
Proper semi-major axis

30000
Proper semi-major axis

35000 — 35000
30000
Proper semi-major axis

The evolution of the distribution of mean elements (upper plots) and proper elements (lower plots) over 180
years, at every 60 years in the 3-D coordinates a - e - i for the fragments generated by a collision between a
spacecraft ({a, e, i, M,w,Q} = {34300 km,0.1,15°,55°,34°,26°}) of 1000 kg and a projectile of 6 kg at a

velocity of 5500 m/s.
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Simulations and results - single break-up event

Inclination
Inclination

s
Py
*

Eccentrici i oo e
0.30 0357 d i oSemi-major axis
5

t3
:
'
i

« Mean elements time 0 « Proper elements time 0 « Mean elements evolution « Proper elements evolution

The comparison between variation of mean elements (purple and light purple dots) and proper elements (blue
and light blue dots) for the fragments generated by a collision between a spacecraft ({a,€,i, M,w,Q} =
{34300 km, 0.1, 15°,55°,34°,26°}) of 1000 kg and a projectile of 6 kg at a velocity of 5500 m/s.
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Simulations and results - single break-up event

cations



Simulations and results - high eccentricity

« Mean Elements Initial Time
Proper Elements Initial Time:
Mean Elements Evolution

Proper Elements Evolution

Cosine of Inclination

— — — —
0.68 0.70 0.72 0.74 0.76 0.78 0.80

Eccentricity

The comparison between variation of mean elements (purple and light purple dots) and proper elements (blue
and light blue dots) for the fragments generated by a collision between a spacecraft ({a,e,i, M,w,Q} =

37600 km.0.75.10°.10°.35°.45°1}).
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Simulations and results - three nearby groups

Inclination

The comparison between the
variation of the mean elements
(group 1 - light green, group 2 -
light orange, group 3 - light pink)
and proper elements (group 1 -
Eccenticity blue, group 2 - magenta, group 3

5 - brown) over 200 years, with the

dots plotted every 10 years.

0.3

Mean elements objects group 1 = Proper elements objects group 1+ Mean elements objects group 2 = Praper elements objects group 2

Mean elements objects group 3« Proper elements objects group 3 - evolution over 200 years (plotted at every 10 years)
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Simulations and results - three nearby groups

50 st
“ w0
wf . Al Y
20| 20} :
005 0.10 0.15 020 025 0.30 D]Se 005 0.10 015 020 025 030 DZSﬁ
+ Evoluton objects group 1
- Evoluion objects group 2
50 sol Evolution objects group 3
+ Wrongly classied objects
« a0
w - Attimes 0, 100, 200 years
F , o in the coordinates e vs i
o 20 Tt (mean elements - first column
005 0.10 0.45 020 025 0.30 035e 005 040 0.45 020 025 030 035 proper elements ~ second column)
= Inclination
m % P “ % w
— Distribution of the mean elements — Distribution of the proper elements 50| o)
at every 5 years in the coordinates e (left) and i (right) o w
. . . 30| ) 30
The probability density functions computed every 5 years, over 200 “a .. -
. ; 20 b 200
years, for the mean (purple lines) and proper (blue lines) . .
005 0.10 0.5 020 025 030 035 005 010 015 020 025 030 035

inclination.

A mixture of three normal distributions (initial mean inclination): o we separate the groups, both in the initial mean elements and initial

0.41 N'(29.8, 0.87)+0.31 A’(34.9, 1.09)+0.27 N'(41.3, 1.98) proper elements at time Tp, and record the results;

e at every intermediate time T);, we use KMeans to classify the data in 3
groups and compare the original groups at time Ty with the groups

A mixture of three normal distributions (initial proper inclination): obtained at time T
-

0.42 NV(25.7,1.91)40.31 A (33.4, 1.06)+0.25 N (41.4, 1.75) o we plot with red dots the wrongly classified objects, namely the points for
which the number (group) obtained at time T); does not coincide with
the number (group) obtained at the beginning, time Tj.
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Conclusions and Future Work

On-going and future work:
@ Analytical stability estimates, e.g. through higher-order normalization

@ Computation of proper elements for space debris in LEO, namely including dissipative effects (with A.
Celletti, C. Gales, C. Lothka)

@ Computation of proper elements for space debris in resonant regions (with A. Dogkas)
@ Noise analysis by statistical methods and machine learning algorithms

@ Synthetic proper elements
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